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A NONCOMMUTATIVE PROBABILITY THEORY

BY

S. P. GUDDER AND R. L. HUDSON

Abstract. A noncommutative probability theory is developed in which no

boundedness, finiteness, or "tracial" conditions are imposed. The underlying

structure of the theory is a "probability algebra" (&, w) where & is a

* -algebra and u is a faithful state on &. Conditional expectations and

coarse-graining are discussed. The bounded and unbounded commutants

are considered and commutation theorems are proved. Two classes of

probability algebras, which we call closable and symmetric probability

algebras are shown to have important regularity properties. The canonical

algebra of quantum mechanics is considered in some detail and a strong

commutation theorem is proven for this case. Moreover, in this case,

isotropic normal states, KMS states, and stable states are defined and

characterized.

1. Introduction. This paper develops a framework for a noncommutative

probability theory which encompasses both the classical and quantum

theories. Unlike previous work in this direction, we do not impose bounded-

ness, finiteness, or "tracial" conditions [5], [8], [12], [16], [18]. This enables us

to treat unbounded observables which, although occurring naturally in quan-

tum mechanics, have been largely avoided in previous theories of this type.

The paper falls into two main parts. The first part (§§1-6) develops the

concepts and results of the abstract theory. The second part (§§7-9) illustrates

some of these concepts and extends results of the first part for a specific

example which is of particular interest in quantum mechanics.

A *-algebra {&, *) is an associative, distributive, complex algebra & with

an identity 1 and an involution * satisfying

x** = x,   (xy)* = y*x*,   and   (ax + y)* = a*x* + v*,

for all x,y E <£, a EC, where a* denotes the complex conjugate of a E C. A

linear functional u: 6B -» C which is positive (w(x*x) > 0 for all x E &) and

normalized (co(l) = 1) is called a state. A state w is faithful if w(x*x) = 0

implies x = 0. The triple (£E, *, to) where w is a faithful state is called a

probability algebra. We now illustrate.this concept with two examples.

Received by the editors January 12, 1977.

AMS (MOS) subject classifications (1970). Primary 46K10, 47C10; Secondary 46X10, 81A09,
81A17, 81A20.

Key words and phrases. Noncommutative probability, quantum probability, quantum

mechanics,  '-algebras, unbounded representations, commutants.

© American Mathematical Society 1979

1



2 S. P. GUDDER AND R. L. HUDSON

Let (ß, <î, n) be a probability space and let 6B be the set of complex-valued,

measurable simple functions. We identify functions that are equal almost

everywhere so 6E is actually composed of equivalence classes of simple

functions. Under the pointwise operations of addition, multiplication, scalar

multiplication, and complex conjugation *, (62, *) becomes a ""-algebra.

Define w: & ->C by w(2 ol¡Xa) = 2 a¡ii(A¡). Then w is a faithful state and

(6E, *, <o) is a probability algebra. It is usually necessary to complete 6B to a

larger, more useful, class of functions. This is conveniently done by defining

the inner product (x,y) = oj(y*x) and forming the Hubert space completion

H = L2(Q, $, n) of &. Since <o is continuous on 6E, « can be extended

uniquely to a continuous linear functional on H.

In quantum mechanics one frequently has a complex algebra 6B of opera-

tors on a common dense invariant domain D of a Hubert space H which

satisfies: I\D E 6B where 7 is the identity operator; if A* denotes the adjoint

of A, then for all A E &, D C D^^) and ,4* = ^f| Z) E #. Then, under the

usual operations, (6B, *) is a *-algebra. Let f £ Ö be a unit vector such that

A\p = 0 implies v4 = 0. If we define u(A) = (A\p, \p), then w is a faithful state

and (62, *, <o) is a probability algebra.

2. Conditional expectation. Let (6E, *, <o) be a probability algebra and define

the inner product <*, v> = w(.y*x). Notice that <xy, z> = < v, x*z> for all x,

y, z E 62. Let // be the Hubert space completion of 62. Since « is continuous

on 62, it has a unique, continuous, linear extension to H which we also denote

by w. For x E 62, define the operator ir(x): 62 -» 62 by 77(x) v = xy. Then tr is

a ""-representation of 62 on the dense invariant domain D(ir) = & C H [13].

The adjoint representation it* is defined as follows:

D(**) = n{D(ir(x)*):x^&},   ir*(x) -[v(x*)]*\D(fr*)

[13]. Notice that 62 = D(ir) Ç D(ir*) and 77 Ç 77*.

Denote the set of operators {C: 62 -» i/} by L(&) and the set of bounded

operators on H by L(H). An operator C E L(62) is symmetric (nonnegative)

if <Cx, v> = <x, Cy> «Cx, x> > 0) for all x,y E 62. Notice that a nonnega-

tive operator is symmetric. Define the unbounded commutant 77(62)c of 77 as

7,(62)' = {C E L(62): <Cv(x)y,z) = <C>, tt(x*)z>, x, v, z E 62}.

The commutant 77 (61)' of 77 is

77(6?)' = (C E L(//): C|62 E tt(62)c}.

If C E tt(A)c, then C: 6? -> Z)(t7*) and Ctt(x) = tt*(x)C for all x E & [13].

A linear functional F: 62 -» C is absolutely continuous (denoted F < w) if

w(x;*x,) -* 0 imphes F(yx¡) -*■ 0 for every >> E 62. If p is a state on (6E, *, w)

we say that v is dominated (denoted p ■< u>) if there exists an M > 0 such that

p(x*x) < A/<o(x*x) for all x £ 62. Applying Schwarz's inequahty,
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IKM)I < v(yy*)l/1v(x?Xj)y\

we see that v -< w imphes v < a.

To illustrate these concepts, let (62, *, u) be the probability algebra of

simple functions on (ß, i3r, /i) considered in §1. If v is a state on (62, *, w),

then v determines a measure v0(A) = v(xa), A E S. By the way (62, *, w) is

defined, v0 is automatically absolutely continuous relative to it in the sense of

measures. Now suppose v < co. Since v is continuous on Zf, by the Riesz

theorem, there exists an / E H such that v(x) = <x, /> = //x ¿/ji. Hence

v0(A) = fAfdfi and dv0/d[i = f G H. We thus see that v < w if and only if p0

is absolutely continuous relative to /x and dv0/d¡i E //. Suppose p -< <o. If

62 3 x, > 0 and x, ->• 0 in L'(ß, f, it), then

*(*,) = ?(x,V2x//2) < M(o(x,V2x//2) - ^/ M *-*0.

In general, if 62 3 x, ->0 in L'(ß, f, ii), then x, is a linear combination of

four nonnegative functions all of which approach 0 in L'(ß, 5", ft) so by

linearity, »»(x,) -» 0. Hence f can be extended to a linear functional in the dual

L°°(ß, 5", ti) of L'(ß, ?F, /x). Thus there is an essentially bounded function/

such that v(x) = ffx dfi. We then see that v < w if and only if v0 is

absolutely continuous relative to ti and dv0/dn is essentially bounded.

Theorem 1. (a) A linear functional F on (62, *, to) is absolutely continuous if

and only if there exists a C E tt(62)c smc/i that F(x) = [w(Cx*)]* /or all

x E 62, C is unique and is denoted C = dF/dw.

(2) y4 functional v on (62, *, w) ¿s an absolutely continuous state if and only if

there exists a nonnegative C E 7r(62)c such that w(Cl) = 1 and v(x) = <j(Cx)

for all x E 62, C is strictly positive if and only if v is faithful. The following

statements are equivalent: (a) C is bounded; (b)v-<iû; (c) u(xfx¡) -* 0 implies

Kxfx,)^0.

Proof. (1) Suppose F < w. Then for any v E 62, x -» /"( v*x) is a

continuous linear functional on 62. By the Riesz theorem, there exists a

y' E H such that F(y*x) = <x, v'> for every x E 62. Define C: 62 -» 7/ by

Cv = v'. It is straightforward to show that C is linear. To show C E 7r(62)c,

for every x, v, z E 62 we have

<C77(x) v, z> = <z, Cxy>* = [F( v*x*z)]*

= <x*z, Cv>* = <Cv, 77(X*)Z>.

Furthermore,

F(x) = <x, Cl> = <tt(x)1, Cl> = <1, Cx*>

= <Cx*, 1>* = [<o(Cx*)]*.

Conversely, suppose F(x) = w(Cx*)* for C E 7r(62)c. Then
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\F(yx)\ = \œ(Cx*y*)\ = \<Cx*y*, 1>| = |<Cv*, x>| < ||Cv*|| ||x||

so F < w. To show C is unique, suppose F(x) = <o(C,x*)* for C, E 7r(62)c.

Then for x, v E 62 we have

<C,v,x> - <C,x*v, 1> = a(ClX*y) = [F(y*x)]*

= W(Cx*v) = <Cv, x>.

(2) Suppose v is a state and v < w. Then by (1) there exists a C E tt(62)c

such that p(y*x) = <x, Cy> for every x, y £ 62. Now C is nonnegative since

<x, Cx> = Kx*x) > 0 and w(Cl) = <C1, 1> = v(\) = 1. Also, v(x) =

<x, Cl> = <Cx, 1> = w(Cx). Conversely, if v(x) = w(Cx) where C E tt(62)c

is nonnegative and co(C 1) = 1, then y is a state since

v(x*x) = w(Cx»x) = <Cx*x, 1> = <Cx, x> > 0.

That v < oí follows from (1). Since v(x*x) — <Cx, x> we see that v is faithful

if and only if C is strictly positive, (a) => (b) If C is bounded, then

v(x*x) = <Cx,x> < ||C|| ||x||2 = ||C||w(x*x).

(b) =» (c) trivial, (c) => (a) Suppose co(xf x,) -» 0 implies v(xf x,) -» 0. Since C

is nonnegative and densely defined, C has a selfadjoint extension and, hence,

C has a nonnegative square root T. If 62 3 x, -» 0 then <o(xf x,) -* 0 so

<rx,, 7x,.> = <r2x„ x,> = <Cx,., x,.> = r(xfx,.)^0.

Hence 7x, -> 0 and 7 is bounded on 62. Therefore, C = T2 is bounded.   □

Corollary, p -< to i/- ami o/i/y «/ f/tere exisís a nonnegative C E tt(62)'

satisfying w(Cl) = 1 and p(x) = u(Cx)forall x £ 62.

Corollary. If p < a then there exists a unique z £ D(tr*) such that

p(x) = w[7T*(x)z]/or a// x E 62.

Proof. p(x) = "(Cx) = w[C?r(x)l] = w[t7*(x)C1].   \J

Corollary. Ifp, tj < w and(dv/dw)\ = (dq/dui)l then p = -q.

Let (62, *, <o) be a probability algebra and let ® Ç 62 be a *-subalgebra.

Then 'S is a subspace of H and its closure is a closed subspace S. Let P<$,

denote the orthogonal projection onto "S_. We denote the restriction of it to S

with domain the dense subspace % of <$ by 7r|S. Thus tt|€ô is_a ""-represen-

tation of % with dense invariant domain D(ir\9>) = ® Ç S. For x £ 62,

the conditional expectation E(x\9> ) of x giuevi S is defined by

2?(x|«) EZ)[(ir|a)*] £$, (2.1)

w(vx) = w[(7r|®)*(v)£:(x|iB)]    for ally £ <&. (2.2)

Theorem 2. (1) is (x|<S ) exisís, is unique andE(x\<$>) = i>9x.

(2) A function F: 62 -» Z)[(tt|S)*] e^wa/s £(-|<35) i/ and only if F satisfies
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<4F(x)] = u(x)andF(yx) = (ir\%)*(y)F(x)for allx £ 62,y E %.

(3) If for allx E 62, we define ux:%^>Cby ux(y) = w(xy), then ux < a\<&

andE(x\%) = (dux./do\%)l.

Proof. (1) To prove uniqueness, suppose E and Ex are conditional expec-

tations. Then for every x E 62, y E % we have

(E(x\%),y) = <£(x|®), (»|«)O01> = <(»|«)O0*£(*l*). O

= <(TT\%)*(y*)E(x\%), 1> = W[H») V)^(*|«)]

= <4y*x) = «[(wl®)*^*)^ (x|$)] = <Z-, (x|<S), y>.

Hence, since E(x\<&), Ex(x\%) £ $, E(x\%) = £i(x|<S) and £" is unique.

We now show that P® is a conditional expectation. For every x £ 62, y,

z E ® we have

|<7T(z)y, 7V>I = Ktf. *>l = K>» ***>l < R***tl IM-
Hence Psx £ Z>(?r(z)*) for all z so P%x £ Z>[(w|®)*]. To show that P^x

satisfies (2.2), for ally E % we have

<o[H$)*(y)/v] = </V,.y*> = <*,*♦> = «0«).
(2) Letting y = 1 in (2.2) gives u[E(x\<$>)] = w(x). Also, for all x £ &,y,

z E ® we have

<£(yx|$),z> - <o[(7r|®)*(z)i?(yx|$)] = u(zyx)

= 4H®)*(zy)£(*|®)] = a[(«\®)*{z)(v\%)*(y)E{x\%)]

= <H®)*(y)Zi(x|®),z>.

Hence Z?(yx|&) = (ir\%)*(y)E(x\%). Conversely, if F satisfies the

requirements of (2) then for all x £ 62, y E ® we have

<o[H$)*(y)F(x)] = w[F(yx)] = <o(yx).

By uniqueness, F = E(•]%).

(3) To show wx < «|®, suppose x, E ® and w(x,*x,)-» 0. If y E $ we

have

k(yx,)| = |<o(xyx,)| < W(xyy*x)1/2<o(x;*x,.)1/2^0.

Hence

do)x./da\<$> E (7t|®)(S)c   and    (^./¿"l®)! E Z)[(7r|$)*].

Furthermore, for ally E <& we have

4(TT\%)*(y)(dUx./du\^)i] = w[(rfWx./£H®)(*|a)ooi]

= ü>[(do>x./dx\<$>)y] =[ax.(y*)]* =[o>(x*y*)]* = <o(yx).



6 S. P. GUDDER AND R. L. HUDSON

The result now follows from uniqueness.   □

3. Coarse-graining. Let the *-algebra (62, *) represent some physical or

statistical system. Suppose we have an a priori distribution given by a faithful

state oi. Then (62, *, to) is a probability algebra. We can now predict the

behaviour of the system in terms of w, but suppose we want to make a more

precise prediction. In practice, it is impossible to measure all the observables

in 62, so we make a partial measurement. That is, we measure observables in a

*-subalgebra % Q 62. This gives a state p on ®. We would now like to

extend ctoa state pc on 62 which gives no additional information. If this is

possible, we call pc a coarse-graining of p. This procedure is frequently used in

quantum mechanics and in statistical inference [8], [10].

More precisely, let (62, *, to) be a probability algebra and let % Ç 62 be a

""-subalgebra. Let p be a state on $ such that p < to|<$. A ($, to) coarse-

graining of p is a state pc on 62 satisfying:

(3.1) #g a =p,
(3.2) pc < co,

(3.3) pc(x) = pc[E(x\%)] for all x E 62.

A ""-subalgebra % Q 62 is positivity preserving if for any x £ 62 there exists a

sequence y, E % such that y^y¡ -» P<%x*x. In the case of the probability

algebra (62, *, co) of measurable simple funcitons on (ß, <?, ti), any ""-subal-

gebra % Q 62 is positivity preserving.

Theorem 3. Let % Q â be a *-subalgebra and let p be a state on ® such

thatp < co|<S.

(1) The following statements are equivalent:

(a) A(% ,oi) coarse-graining of p exists;

_(b) p has an absolutely continuous extension px to 62 such that (dpl/du>)l £

%;

(c) dp/do¡\% has a nonnegative extension in -n(&)c.

(2) Ifa(%, co) coarse-graining pc of p exists it is unique and satisfies

(d)pc(x) = p[E(x\%)]forallx E 62;

(e) pc is the_ unique absolutely continuous extension of p to 62 such that

(dpJdoS)\ £ <&;
(f) pc is the unique absolutely continuous extension of p to 62 such that

(dpc/do>)\% = dp/do>\%.

(3) If p < o}\% and ® is positivity preserving, then pc exists and pc -< w.

Proof. (1) (a) =» (b) Suppose a (ÍB, co) coarse-graining pc of p exists. Then

pc is an absolutely continuous extension of p to 62. If x E & and % 3 y, -»

P^x we have
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<x, (dpc/do>)\y = {(dpc/dtS)x, 1> = o>[(dpc/du>)x]

= »c(«) - "c(^V) = um pc(y,) = lim a[(dre/do)yt]

= lim<(cfrc/c/co)y,., 1> = lim<y,, (dpc/do>)l)

= <P^x, (dpc/dio)iy = <x, Pa (*c/rf«)l>.

Hence (dpjdd)\ = P%(dpc/do>)\ £ <S.

(b) => (c) Suppose p has an absolutely continuous extension px to 62 such

that (dpJdo3)\ £ <3â. Then dp,/dos £ 7r(62)c, and for anyy E <3& we have

<y, (^,/rfco)l> = px(y) = r(y) = p(y) = <y, (*/dw|a)l>.

Hence, (dpx/dcS)l = (cA>/í/co|®)1 and for anyy E ® we have

(dp/do>\%)y = (<A</c/co|<&)7r(y)l = v*(y){dr/du\Q>)\

= ir*(y)(<fr,/<&))l = (dpjdw)y.

Thus dpx/doi is a nonnegative extension of dp/du\% in 7r(62)c.

(c)=>(a) Suppose dp/doi\% has a nonnegative extension C £ 7r(62)c. We

now show that pc(x) = p[E(x\% )] is a (ÍB, co) coarse-graining of r. Clearly, j»c

is linear on 62, pc(1) = 1, and pc satisfies (3.1) and (3.3). If x, y £ 62 and

% 3 z,- -» Pq,yx we have

pc(yx) = v[E(yx\9>)] = K^V*) = lim p(z)

= lim o¡[(dp/doi^Zi] = lini<(<fr/<M$k> 0

= lim<z,., (dp/do}\<&)Y) = <P«yjc, (<fe/<fcj|«)l>

= <yx, (<fr/</w|$)l> = <77(y)x, Cl> = <x, Cy*).

Hence pc(x*x) = <x, Cx> > 0 so pc is a state and ^(yx)! < \\Cy*\\ \\x\\ so

pc < co and (3.2) is satisfied.

(2) (d) Suppose a (<$, co) coarse-graining pc of ? exists. For x E 62, let

$ 3 y,- -» £(x|® ). Then we have

pc(x) = kc[£(x|®)] = lim pc(y¡) = lim ,(.») = v[E(x\®)].

(e) That (dpc/du)l E © follows from (a) => (b) above. Ifj^, is an absolutely

continuous extension of p to 62 such that (dpx/doi)\ £ <$, then from the

proof of (b) => (c) above we have (dpx/doi)\ = (dpc/doJ)\. It follows from the

third corollary of Theorem 1 that px = pc.

(f) This follows from the proof of (b) => (c) and (e) above.

(3) Suppose p -< o¡\% and % is positivity preserving. We will show that

pc(x) = p[E(x\% )] is a (%, co) coarse-graining of »» and that j>c -< co. To show

that pc is positive, let x E 62 and let y, E§ be a sequence such that

y*y¡ -» P%x*x. Then

»>c(x*x) = p(P%x*x) = lim p(y*y¡) > 0.

To show that pc -< co, we have
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pc(x*x) = lim p(y*y) = lim co[(cA'/c/co|'$)y,*y,]

= lim<(<fr/<Ao|$)y,,y,.> < \\dp/do>\% ||lim<^i,yi>

= \\dp/do>\% ||<Pax*x, 1> = \\dp/du\<& ||îo(x*x).   D

We now show that in a certain sense the ($, co) coarse-graining of p is the

absolutely continuous extension of p with minimal information. Let (62, *, to)

be a probability algebra and suppose p < co is a positive linear functional. We

would like to define the information measure Ia(p) of p relative to co. Guided

by the properties of a measure we shall postulate that /„ be nonnegative and

additive. Nonnegativity is simply I„(p) > 0. To motivate additivity, consider

the classical situation in which px, p2 are mutually singular measures on a

probability space (ß, S, ti) which are absolutely continuous relative to it.

Since px, p2 are mutually singular there exist disjoint measurable sets Ax, A2

such that Ax \j A2 = £1 and Pi(A-¡) = p2(Ax) = 0. It now seems reasonable to

assume that Iu(px + p2) = Iu(px) + Ia(v^). Notice that px, p2 are mutually

singular if and only if ¡(dpx/ d\i\dp2/ dp) d\i = 0.

This reasoning motivates the following definition of information. If F < co

is a linear functional, the information IU(F) of F relative to co satisfies:

(3A)IJF)>0,Ia(o>)=l;
(3.5) for F„ F2 < co with ((dFx/du)l, (dF2/do>)\)> = 0, IU(FX + FJ =

Ia(Fx) + IJFJ.

Theorem 4. (1) IU(F) exists, is unique and IU(F) = \\(dF/du>)\\\2 =

F[(dF/do))l]. (2) If the (®, co) coarse-graining of p exists, it is the unique

absolutely continuous extension of p to 62 with minimal information relative tô o>.

Proof. (1) It is clear that F^>\\(dF/do))l\\2 satisfies (3.4) and (3.5). To

prove uniqueness, suppose /„, satisfies (3.4) and (3.5). For y £ D(tt*) define

the linear functional Fy: 62 -» C by Fy(x) = <x,y>. Now Fy < co since for all

x, z E 62 we have

|F,(zx)| = |<zx,y>| = |<x, 7r(z)*y>| < ||77(z)*y|| ||x||.

Define the map G: D (**) -* R+ by G(y) = Iu(Fy). Notice that (dFy/du)l =

y since for all x £ 62 we have

((dFy/d<o)l, x> = ((dFy/do>)x*, 1> = o>[(dFy/do>)x*]

= [F^(x)]* = <x,y>* = <y,x>.

Lety, z £ D(jt*) satisfy <y, z> = 0. Then ((dFy/dtS)l, (dFjdoS)\) = 0 so

G(y + z) = Ia(Fy+z) = Iu(Fy + Fz)

= G(y) + G(z).

Applying a result of [9] there exists a c > 0 such that G(y) = c\\y||2.
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If F < co, then F = F(dF/du)X, since for all x £ 62 we have

F(x) = [co((¿F/rfco)x*)]* = <(c/F/í/co)x*, 1>*

= <(c/F/c/co)l, x>* = <x, (dF/do>)iy.

Hence

IU(F) = Ia[F(äF/da)x] = G[(dF/du)\] = c||(¿F/¿co)l||2.

Also,   1 = Iu(u>) = c||(c/co/c/co)l||2 = c.   Finally,   if  F < u  and   62 3 x,->

(dF/do))\ we have

Iw(F) = <(c/F/c/co)l, (dF/da)iy = lim<(c/F/c/co)l, x,>

= ]im((dF/do>)x?, 1> = lim u[(dF/da)x*]

= lim[F(x,)]* = F[(dF/doi)l]* = F[(dF/du)l].

(2) Suppose the_(®, co) coarse-graining pc of p exists. Suppose F < co and

F|® = p. Sjnce $ is a closed subspace of H, we have (dF/du)\ = x + y

where x E $ and y E <SX. For z E $, since dp/do$fô> - (dpc/do¡)\^> we

have

<x, z> = <x + y, z> = <(</F/c/co)l, z> = <(c/F/c/co)z*, 1>

= co[(c/F/c/co)z*] =[F(z)]* = y(z*) = co[(<fr/c/co|$)z*]

= w[(dpc/do>)z*} = i(dpc/diS)z\ 1> = <(<frc/c/co)l, z>.

By Theorem 3(e), (dpc/du)\ £ & so x = (dpc/doi)\. Hence

/U(F) = ||(c/F/¿co)l|¡2 = ||x||2 + ||y||2 > ||x||2

= ||(<A.c/c/co)l||2 = />,).

Hence Iu(pc) is a minimum and F has minimal information relative to co if

and only if ||y|| = 0 in which case (dF/dw)\ = (dpc/doi)l and by the third

corollary of Theorem 1, F = pc.   □

Let (62,, *) and (Gt^, *) be *-algebras. Let 62, ® Q^ be the algebraic tensor

product of 62, and 622 with product defined by (x, ® x2)(y, ® y^ = x,y, <8>

x2y2. If we define (x, ® x2)* = xf <8> x¿*, then (62, ® 622, *) *s a "-algebra.

We call (62,, *), (622, *) tne component systems of the compound system

(62, <S> 622, *). If (62,, *), (6I2, *) represent the observables for two physical

systems, then (62, <8> 622, *) represents the observables for the two systems

combined. Let co be a faithful state on (62, ® 62^ *) so that (62, ® S?, *, co)

becomes a probability algebra. Define the states co„ co2 on 62,, 622, respec-

tively, by ux(xx) = co(x, ® 1), to2(x2) = co(l ® Xj). Then ux, oi2 are faithful

states called the reduced states. Conversely, if co„ co2 are faithful states on

62,, 622, respectively, then we define the faithful state ux <8> co2 on (62, ® (3^, *)

by co, ® co2(x, 0x2) = co^XjJco^x^. If co = co, ® co2 we say that (62,, *),

(622, *) are uncorrelated relative to co. Physically, this means that when the two
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component systems are combined they do not interact.

Theorem 5. The following statements are equivalent: (a) (62,, *), (S^, *) are

uncorrelated relative to u; (b) F(x, ® x2|62, ® 1) = co2(x2)x, 0 1 for all x, E

62,, x2 £ 62^ (c) F(x, ® x2|62, ® 1) = /(x„ x^x, ® 1 for all x, £ 62,, x2 E

62z; (à) for any state p on 62, ® 1 with p < co|62, ® 1, the (62, ® 1, co) coarse-

graining o/ i<c of p exists and pc = p ® co2 (identity 62, ® 1 and 62, in fne natural

way).

Proof. (a)=>(b) If (a) holds then o¡2(x2)xx ® 1 E 62, ® 1 and for any

y, E 62, we have

co[(y, ® l)co2(x2)x, ® l] = co2(x2)co(y,x, ® 1)

= «íCVi^iW^) = "i ® a2(y\xi ® xi)

= co[(y,®l)(x,®x2)].

Hence F(x, ® x2|62, ® 1) = co2(x2)x, ® 1.

(b) => (c) is trivial.

(c) => (d) Suppose (c) holds. Then for x„y, £ 62,, x2 £ 62¿ we have

co(y,x, ® x2) = co[(y, ® l)(x, ® x2)]

= co[(y, ® l)F(x, ® x2|62, ® 1)]

= /(x„ x2)co(y,x, ® 1) = /(x„ x2)co,(y,x,).

Lettingy, = 1 gives/(x„ x^ = co(x, ® X2)/co,(x,) and letting x, = 1 gives

co(y, ® x2) = co(l ® x2)co,(y,) = <o,(y,)co2(x2).

Hence co = co, ® co2 and (62,, *), (@2, *) are uncorrelated relative to co. Let

T = dv/da\&i ® 1. Then T ® / is a nonnegative extension of T to 62, ® @^.

We now show that T ® / £ it(&x ® &$. Indeed,

<F ® Iit(xx ® x2)y, ® y2, z, ® z2>

= <7x,y, ®x2y2,zx®z2)>

= <7x,y„ z,><x2y2, z2> = <Fy„ xfz,><y2, x2*z2>

= <Fy, ®y2,xfz, ®x2*z2>

= <F ® /y, ®y2, (x, ® x2)*(z, ® z2)>

= <F ® /y, ®y2, 7r[(x2 ® x2)*]z, ® z2>.

It follows from Theorem 3(c) that pc exists. Now pc = p ® co2 since from (b)

we have

pc(xx ® x2) = r[F(x, ® x2|62, ® 1)] = v[o32(x2)xx ® l]

= <¿2(x2)v(x\) =  P ® ^z(x\ ® X2).

(d) => (a) If (d) holds then to = to,  = co, ® co2.   □
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Theorem 5(d) has the following physical interpretation. Suppose (622, *)

represents a physical system whose state we want to determine. We let (622, *)

interact with a measuring device represented by (62,, *) to get a compound

system (62, ® 622, *). Let co be an a priori state giving a probability algebra

(62, ® 622, *, co). A measurement of (62,, *) gives a state p on 62, ® 1 such that

p < co|62, ® 1. The (62, ® 1, co) coarse-graining pc of p gives the "most likely"

state of the compound system. The reduced state pc2 gives the "most likely"

state of the physical system (622, *)• H ($i> *)> (ßi> *) are uncorrelated relative

to co, then we have seen that pc = p ® co2 so that pci = co2. Hence, in this case,

the measurement gives no additional information about the state of the

system.

4. The unbounded commutant. We have seen the importance of the

unbounded commutant 7r(62)c in the previous sections. In this section we

characterize tt(6L)c.

Let (62, *, u) be a probability algebra. For y E D(tt*) define 7rc(y) E

L(62) by 7Tc(y)x = ir*(x)y for every x £ 62. A sequence of operators C¡ E

L(62) converges weakly to C E L(62) if (C¡x,y)->(Cx,y} for every x,

y £ 62.

Theorem 6. itc is a weakly continuous linear bijection from D(it*) onto

tt(62)c.

Proof. Clearly, 77e is linear. To show that 77e maps D(ir*) into 77(62)c, for

y E D (77*), x, z, u E 62 we have

<7Tc(y)7r(x)z, u) = <77c (y)xz, u) = <77*(xz)y, w>

= <7T*(x)77*(z)y, U> = <77*(z)y, 77(X»

= <77C(y)z,77(x».

To show that 77e is surjective, let C E 7r(62)c. Then Cl E D(ir*), and for

every x E 62 we have

77C(C1)X = 7T*(X)C1  =  Ct7(x)1  =   Cx.

To show that 77e is injective, suppose y, y, E D(tt*) and 7rc(y) = 77c(y,).

Then

y = V*(l)y = 7Tc(y)l = 7Tc(y,)l = 7r*(l)y, =y,.

To show that 77e is weakly continuous, supposey„ y E D(ir*) andy, —>y in

norm. Then for every x, z E 62 we have

lim<7rc(y,)x, z> = lim<7r*(y)y,., z> = lim<y,., 7r(x"")z>

= <y, 77(x*)z> = <7T*(x)y, z> = <7Tc(y)x, z>.    □

The above theorem gives a characterization of 7r(62)c in the sense that

7t(62)c = 7TC[Z>(77"")]. We shall later give a similar characterization of 7r(62)',
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but first we shall analyze the structure of 7r(62)c. Let M be a dense subspace

of a Hilbert space H and let S C L(M). We say that S is weakly closed if for

any net Ca £ S which converges weakly to an operator C £ L(M) we have

C £ S. We call S an op-algebra if for all A, B E S, A : M -» M and AB E S,

(a/1 + fi) £ S for ail a £ C. For A E S, denote the adjoint of A by ^+, and

if Z)^1) 3 M define /l* = ^f|Af. We call an op-algebra S an op*-algebra if

7|M E S and if for all A E S we have D(At) 3 M and 4* E 5. If 5 is an

op*-algebra, it is easy to see that * is an involution on S and hence S is a

""-algebra. A ""-representation it of a  ""-algebra (62, *) is selfadjoint if 77 = 77*

(i.e. £»(77)=/) (77*)) [13].

Now let (&, *, co) be a probability algebra. It is easy to see that t7(62)c is a

weakly closed linear manifold with identity, in L(62). In general, 77(62)c need

not be an op-algebra, let alone an op*-algebra. Theorem 8, to follow,

characterizes when these circumstances hold.

Lemma 7. Let (62, *, to) be a probability algebra. If there exists a map x -» xb

on 62 such that co(y*x) = co(xyb) for all x, y £ 62 then b is unique, is an

involution, <x*,y> = <yb, x> and <xy, z> = <x, zyb}for all x,y, z £ 62.

Proof. To show b is unique, suppose ' is another map such that co(y*x) =

co(xy') for all x, y E 62. Then for all x, y E 62 we have

<y', x> = co(x*y') = o>(x*yb) = <yb, x>,

soy' = yb. That b is an involution follows from the equations:

u[z(x + y)b] = co[(x + y)*z] = co(x*z) + u(y*z)

= o}(zxb) + co(zyb) = co[z(xb +yb)];

co[z(xy)bl = co[(xy)*z] = to(y*x*z) = co(x*zyb) = u(zybxb);

corz(ax)bl = co[(ax)*z] = o)(a*x*z) = co(za*xb);

co(zxbb) - to(xb*z) = co[(z*xb)*] =[to(z*xb)]*

= [to(x*z*)]* = co(zx).

Finally, we have

<x*,y> = co(y*x*) = to(x*yb) » <yb, x>

and

<xy, z> = co(z*xy) = co(xyzb) = co[x(zyb) j

= co[(zyb)*x] =<x,zyb>.    □

Suppose there exists an involution b on the probability algebra (62, *, co)

such that co(y*x) = o>(xyb) for all x,y E 62. For x E 62 define the operator
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p(x) E L(62) by p(x)y = yx. It is easy to check that p: 62 -> L(&) is a

b-antirepresentation of 62.

Theorem 8. Let (62, *, co) be a probability algebra.

(1) The following statements are equivalent:

(a) 7r(62)c is an algebra;

(b) Cl E 62/or every C E 77(62)c;

(c)for any F < co there exists ay £ 62 such that F(x) = <x,y);

(d) 77 is selfadjoint.

(2) 7t(62)c is a *-algebra if and only if tr is selfadjoint and there exists an

involution b on 62 such that o)(y*x) = co(xyb)/or all x,y £ 62.

(3) //tt(62)c is a *-algebra, then p is a weakly continuous b-anti-isomorphism

of 62 onto 77(62)c.

Proof. (1) (a) => (b) is trivial, (b) => (c) Suppose (b) holds and F < co. By

Theorem 1, there exists a C £ 77(62)c such that F(x) = [co(Cx*)]* for every

x E 62. If y = Cl E 62, then for all x £ 62 we have

F(x) =[co(Cx*)]* = <Cx*, 1>* = <1, Cx*> = <x,y>.

(c) => (d) Suppose (c) holds and z £ D (tt*). As in the proof of Theorem 4,

the linear functional F(x) = <x, z> is absolutely continuous. Hence, there

exists a z' E 62 such that <x, z> = <x, z'> for all x £ 62. Thus z = z' E 62, so

D (it*) = 62 = D (m) and 77 is selfadjoint.

(d) => (a) Suppose (d) holds. Then C: 62 -> 62 for every C £ 77(62)'.

Furthermore, if A, B E 77(62)c then for all x £ 62 we have

ABtt(x) = Air(x)B = <n(x)AB

so 77(62)c is an algebra.

(2) Suppose 7r(62)c is a *-algebra. By (1), tt is selfadjoint. If C £ 77(62)c, then

C* = Cf|62 E 77(62)c so C*: 62 ̂  62. For y E 62, by Theorem 6, 77c(y) E

tt(62)c soyb = [77c(y)]*l E 62. For all x E 62, we have

co(xyb) = <yb, x*> = <[*'(y)]*l, x*> = <1,77<(y)x*>

= <1, 77*(x*)y> = <1, x*y> = <x,y> = co(y*x).

Applying Lemma 7, b is an involution on 62. Conversely, suppose 77 is

selfadjoint and there exists an involution b on 62 such that to(y*x) = to(xyb)

for all x,y E 62. Then by (1), tt(62)c is an algebra. If C £ t7(62)c, then for all

x, y £ 62 we have

(Cy, x> = <Cl,y*x> = <(Cl)xb,y*> = <y, x(Cl)b>.

Hence 62 Ç D(C^) and C+|62 = 77c[(Cl)b] £ <itc(&) = tt(62)c. Thus tt(^)c is

a *-algebra.

(3) If 77(62)c is a *-algebra, then 77 is selfadjoint so p(x) = 77c(x) for all

x E 62. It follows from Theorem 6 that p: 62 -» tt(62)c is a weakly continuous,
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linear bijection and it is clear that p is an anti-isomorphism. Finally, for all x,

y E 62 we have

p(xb)y =yxb =y{[77c(x)]*l} =[V(x)]*y =[p(x)]*y.   D

Notice that Theorem 8(3) gives a characterization of w(&Y of the form

77(62)c = p(62). We shall later discuss a similar characterization of 7r(62)'.

5. The commutant. Let (62, *, co) be a probability algebra and let 62q = (y

£ 62:   62 3 x->7r(x)y   is  bounded},   D(w*)0 - {y E D(ir*):   62 3 x -»

77*(x)y is bounded}.

Of course, 62g Ç D(tt*)0. If y £ Z>(t7*)0, we define 77'(y) to be the unique

bounded operator on H which satisfies 77'(y)x = 77*(x)y for ally £ 62.

Lemma 9.77' is a weakly continuous, linear bijection from D (77*)0 onto 77(62)'.

Proof. This is similar to the proof of Theorem 6.   □

If m is selfadjoint we can, of course, replace D(tt*)0 by 62o in Lemma 9.

This selfadjointness condition, which was also used in §4, is a very strong

requirement which eliminates many cases of interest. For this reason, we shall

impose the weaker, more reasonable, condition that 77 is essentially selfadjoint;

that is, the closure 77 of 77 is selfadjoint. Furthermore, one of the difficulties

with 62q and D(tt*)0 is that they might not be closed under the * operation.

This difficulty is circumvented by introducing a class of probability algebras

(which we call closable) in which * is a closable operator.

For x, y E 62 define the seminorms ||xr||_,, = ||yx||. The induced topology on

62 is the topology generated by the collection of seminorms {||x||_,,:y E 62}.

This is the weakest topology on 62 in which 77 (x) is bounded for every x E 62.

Let 62 be the completion of 62 relative to the induced topology. Then

62 C 62 Ç H and 62 is a dense subspace of H. Since w(x) is continuous on 62

(in the induced topology), tt(x) has a unique continuous (in the induced

topology) extension to 62 which we denote by 7?(x). We call 7? the closure of 77.

It can be shown that t? is a *-representation of 62 with domain D (77) = 62,

that 77 Ç 77*, (77)* = 77*, and 77(62)' = tt(62)' [13]. Thus 77 is essentially

selfadjoint if and only if 77 = tt*. In general, although tt(62)' is a weakly

closed, *-closed, linear manifold in L(H), 77(62)' need not be a von Neumann

algebra [13]. If, however, 77 is essentially selfadjoint, then it is immediate that

77(62)' is a von Neumann algebra.

Lemma 10. (1) The following statements are equivalent:

(a) 77 is essentially selfadjoint;

(b) Cl E & for every C £ ir(&)c;

(c) for any F < co there exists a y £ ¿2 such that F(x) = <x,y>, for all

x E 62.

(2) Ifir(x) is a bounded operator for every x E .62, then it is selfadjoint.
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Proof. (1) Similar to Theorem 8(1). (2) If the 77(x) are bounded then

62 = HsoD(¥) = D(ir*) = H.   U

A probability algebra (62, *, o¡) is closable if for any sequence x, E 62 which

satisfies lim u(xfx¡) = 0 and lim co(x,x*) = lim,v Re co(x,x,*) we have

lim co(x,x,*) = 0. A lip algebra is a *-algebra (62, *) with an inner product

< •, • > satisfying:

(5.1) <1, 1> = 1, <x*x, 1> = <x, x> for all x £ 62;

(5.2) x\->x* is closable in the completion H of 62.

A lip algebra is more general than a Tomita left Hubert algebra [17] in the

sense that left multiplication is not assumed to be continuous; it is less

general in the sense that an identity is assumed. The next lemma shows that

there is essentially no difference between a closable probability algebra and a

lip algebra.

Lemma 11. (1) Let (62, *, to) be a closable probability algebra. If we define

<x,y> = co(y*x), then (62, *,<-,-» is a lip algebra.

(2) Let (62, *,<•,•» be a lip algebra. If we define co(x) = <x, 1>, then

(62, *, co) is a closable probability algebra such that <(x,y) = o>(y*x).

(3) In any lip algebra, <xy, z> = <y, x*z>.

Proof. (1) Clearly <•, • > is an inner product and (5.1) holds. To show

x -» x* is closable, suppose x, -» 0 and x,* is Cauchy. Then co(x,*x,) = ||x,||2

->0and

co(x,x,*) + o)(xjXf) — 2Re to(x,x,*)

= <**, x,*> + <x/, x*> - 2Re<x/, x*> = ||x* - x/||2^0.

Since x,* converges in H, co(x,x,*) = ||x,*||2 converges. Hence Re co(x,x*)

converges and lim,vRe co(x,x,*) = lim co(x,x,*). It follows that ||x*||2 = co(x,x,*)

-^ 0, so x,* --> 0.

(2) Since co(x*x) = <x*x, 1> = <x, x> = ||x||2, we see that co is a faithful

state. The other condition for a closable probability algebra follows by

reversing the steps in (1). That <x,y> = co(y*x) follows from ||x||2 = co(x*x)

and the polarization equation

<x,y> = i [i||* + iy||2 + ||x + y||2 - (1 + i)(||x||2 + ||y||2)].

(3) This follows from (2).   \J

In the remainder of this section, (62, *,co) will be a closable probability

algebra. If S denotes the closure of *, then S is a closed conjugate-linear

operator with D(S) 3 62. The adjoint S* of S is a closed, densely defined,

conjugate-linear operator and <5x,y> = <5*y, x> for all x E D(S), y E

D(S*).

Lemma 12. D(S) is invariant under S and S2x = x for every x E D(S).
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D(S*) is invariant under S* and S*2x = xfor every x E D(S*).

Proof. Let x E D(S),y E D(S*). Since S is the closure of * and D(*) =

62, there exists a sequence x, E 62 such that x, -* x and Sx, -» Sx. Hence

(S*y, Sx} = lim<5*y, Sx,> = hm(S*y, *,*>

= lim<Sx;*,y> = lim<x,.,y> = <x,y>.

Thus Sx £ D (S) and S2x = x. A similar argument holds for S*.   □

Let 62' = {y £ Z)(S*) n D(tr*): 62 E x -» 7r*(x)y is bounded}. For y £

62', let 77'(y) be the unique bounded operator on H satisfying 7r'(y)x =

7T*(x)y for all x E 62.

Lemma 13. y E 62' if and only if there exist a bounded operator A and a

y, E 0(77*) such that Ax = 77*(x)y, A*x = 7r*(x)y, for every x E 62. In this

case y, = S*y,ir'(y) = A.

Proof. Suppose there exist an A andy, E D(tr*). For any x E 62 we have

<x*,y> = <77(x*)l,y> = <l,7r*(x)y>

= <lMx> = </l*l,x> = <y„x>.

Hence y is in the domain of the adjoint of *. But the adjoint of a closable

operator equals the adjoint of its closure, soy E D(S*) and S*y = y,. Also

x -» 7r(x)y is bounded on 62 and 7r'(y) = A. Conversely, suppose y £ 62' and

let A = 77'(y), y, = S*y. Then Ax = ir'(y)x = 77*(x)y and for every x,

z E 62 we have

<77(x*)z,y,> = <x*z, S*y) = <y, z*x> - <y, 77(z*)x>

= <77*(z)y, x> = (Az, x> = <z, A*Xs).

Hencey, E D(77*) and 77*(y,) = A*x for all x £ 62.   □

Theorem 14. Let (62, *, co) be a closable probability algebra for which it is

essentially selfadjoint. Then 62' is a *-algebra under the product yx° y2 =

7r'(y,)y2 and the involution y* = S*y. Furthermore, it' is a *-isomorphism of 62'

onto 77(62)'.

Proof. That 77' is an injective map from 62' to 77(62)' is similar to the proof

in Theorem 6. To show that 77' is surjective, let A E 77(62)'. Then for all

x E 62 we have

<x*, A\)y = (A*x*, 1> - (A*l, x>.

Hence A\ E D(S*) and S*(Al) = A*I. We conclude that Al E 62'. Since

Ax = 77*(x)v41, A*x = 77*(x)/l*l for all x £ 62, it follows from Lemma 13

that ir'(Al) = A so it' is surjective. If y £ 62', then by Lemma 13, S*y E 62'

and for all x £ 62 we have

77'(S*y)x = 77*(x)S*y = A*x = 77'(y)*x. (5.3)
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Furthermore, if x £ 62 andy„y2 £ 62', then

*'(y\Y(y2)x ■ *'(yi)v*(x)y2 " *'(yi)ñ(x)y2

- 77*(x)77'(y,)y2

and

*(yÙ**(?i)*x = 77'(S*y2)77'(S*y,)x = 7r'(5*y2)77*(x)5*y,

= 77*(x)77'(S*y2)S*y,.

By Lemma 13, 77'(y,)y2 E &', S*v'(yx)y2 - ^{S*y^S*yi, and 77'[77'(y,)y2]

= TT'(yx)'T'(y2). It is now easy to verify that 62 is an algebra under the product

y, °y2 = ir'(y\)y2 an^ that 77' is an isomorphism from 62' onto 77(62)'. The

operation y* = S*y is an involution since S* is conjugate linear, S*2 = /,

and

S*(y, oy2) - S*77'(y,)y2 = 77'(S*y2)S*y, = y2* °yf.

Finally, 77' is a *-isomorphism by (5.3).   □

Corollary. 62' is a Tomita left Hilbert algebra.

Proof. 62' is a lip algebra, since for every x E 62' we have

<X* ° X, 1> = <(5*x) ° X, 1> = <77'(5*X)X, 1>

= <77'(X)*X, 1> - <X, 77'(X)1> = <X, X>.

Furthermore, left multiplication is bounded.   □

Our next result is analogous to a result of Tomita and Takesaki [17]. Our

proof follows van Daele [3, p. 381] closely.

Theorem 15. Let (62, *, 03) be a closable probability algebra. Then there exist

a bounded conjugate-linear operator J: H -> H such that J2 = I,J = J* and a

positive selfadjoint (not necessarily bounded) operator A on H satisfying:
(1)A = S*S,A~l - SS*;

(2)D(S) = DÍA1/2), D(S*) - Z>(A-'/2);

(3) JAJ = A-1 and Jf(A)J = /*(A_1) for every measurable function f on

(0, 00);
(4) S = JA}/2 = A-'/V, S* = /A"1/2 = A'/2/.

Proof. Let H* be the Hilbert space consisting of the set H with scalar

multiplication (a, x)-»a*x and inner product (x,y)-»<y, x>. Then S:

D (S) -* H* is a closed linear operator with dense domain. Hence A = S*S is

a nonnegative selfadjoint operator on H. By the polar decomposition theorem

[11, p. 282] there exists a partial isometry /: H -» H* such that S = /A1/2

and the initial domain of / is R(S*). Now the range of S* is dense since

x E D(S*) implies x = S*(S*x), so Z^S*) = R(S*) (identifying H and

H*), and thus Ä (5*)= //*. Hence J is unitary. Since (5*5)(S5*) = 7 on 62
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we have A ' = SS* and A is positive selfadjoint. Since S = S 'we have

/A1'2 = A-1/2/* and /A1/2/ = A"1/2. Also, A"1/2 = J2J*AX'2J, and as J2 is

unitary and 7*A1/27 is positive, it follows from the uniqueness of the polar

decomposition of A"1/2 that J2 = I and, hence, 7 = J*. (1), (2), and (4) now

follow. To prove (3), notice that JAJ = A-1. If g(X) = 2c,A' is a polynomial,

then

g(A-') = 2 c,(7A7)' = 2 c,-/A7 = /(2 cftfy = Jg*(A)J.

If / is a measurable function on (0, oo), it follows that Jf(A)J = f*(A~ ').   Q

Notice that J satisfies the equations <7x, y) = <Jy, x> and <7x, 7y> =

<y, x>. If 77(x) is bounded, then 62' is dense in H [17]. In general, we have the

following result.

Corollary. Let (62, *, co) be a closable probability algebra in which 7? is

selfadjoint. If 62' is dense in H then 7r(62)" = 7tt(62)'7.

Proof. By Tomita and Takesaki [17], we have Jtt'(&')J = it''(62')'. Hence

77(62)" = 77'(62')' - Jtt'(&')J = 777(62)'./.   D

6. Symmetric probability algebras. Let (62, *, co) be a probability algebra. If

there exists a map x -» xb on 62 such that co(y*x) = co(xyb) for every x,y £

62, then we call (62, *, w) a symmetric probability algebra. Theorem 8 gives a

sufficient (but not necessary) condition for a probability algebra to be

symmetric. A rip algebra is an algebra 62 with an identity 1, an involution b,

and an inner product < •, • > satisfying:

(6.1)<xxb, 1> = <x,x>,<1, 1>=1;

(6.2) x -* xb is closable on the completion H of 62.

Lemma 16. (1) Let (62, *, co) be a symmetric probability algebra and let

<x,y> = co(y*x). Then b is unique, (62, *, < -, • » is a lip algebra and (62,b,

(•,•)>) is a rip algebra. Furthermore, for every x,y, z £ 62 we have

<xy, z> = <y, x*z> = <x, zyb}.

(2) Let 62 be an algebra with an identity 1, two involutions *, b, and an inner

product < -, • > which satisfies <x, x) = <x*x, 1> = <xxb, 1>. Define co(x) =

<x, 1). Then (62, *, co) is a symmetric probability algebra and <x,y) = co(y*x).

(3) A symmetric probability algebra is closable.

(4) A closable probability algebra (62, *, o>) is symmetric if and only if

62 ç D(S*)andS*: £^62.

Proof. (1) Since <x#,y> = <yb, x>, the domain of the adjoint of *

contains 62. Hence this domain is dense and * is closable. A similar argument

shows that b is closable. The rest follows from Lemmas 7 and 11.

(2) Similar to the proof of Lemma 11.

(3) This follows from (1) and Lemma 11.
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(4) If the closable probability algebra (62, *, co) is symmetric, then as in the

proof of (1), 62 Ç D(S*). Furthermore, for all x, y £ 62 we have

<S*x,y> = (Sy, x> = <y*, x> = <xb, x>.

Hence S*x = x £ 62 and S*: 62 ̂  62. Conversely, if 62 ç D(S*) and S*:

62 -> 62, define xb = S*x for any x £ 62. Then for all x, y E 62 we have

co(y*x) = <x,y> = <S*y, Sx} = (S*y, x*>

= co[x(S*y)]=co(xyb).    Q

Let (62, *, co) be a symmetric probability algebra with inner product <x,y>

= co(y*x) = co(xyb). Let H be the Hilbert space completion of 62. For x,

y £ 62 define the seminorms \\x\\y = \\yx\\, y\\x\\ = ||xy||. The left (right)

induced topology on 62 is the topology generated by the collection of

seminorms {|| \\y:y E 62} ({y\\ ||: y E 62}). Let 62'(62r) be the completion of 62

relative to the left (right) induced topology. Since 62 is dense in 62' (62r) in the

left (right) induced topology, for any x £ 62 there exists a unique operator

7Í(x) (p(x)) on (3! (@f) such that 77(x)y = xy (p(x)y = yx) for all y E 62.

Then 77 is a ^representation of 62 with domain ¿>(7t) = 62' Ç H and p is a

b-antirepresentation of 62 with domain D (pi) = 62r C H. Let S and F be the

closures of * and b, respectively. Then 62 £ D(S), D(F).

Lemma 17. D(S) is invariant under S and S2x = x for every x E D(S).

D(F) is invariant under F and F2x = x for every x E D(F). Furthermore

S = F*andF= S*.

Proof. The first part follows as in the proof of Lemma 12. For the last

statement, let x E D(S) and y £ D(F). There exist a sequence x, £ 62 such

that x, -» x, Sx¡ -» Sx and a sequence y, E 62 such thaty, -»y, Fy¡ -» Fy. We

then obtain

<5"x,y> = hm<5'x,.,y,.> = lim<x,*,y,> = lim<y,b, x,>

= lim<Fy,., x,> = (Fy, x>.

It follows that S = F* and F = S*.   O

Lemma 18. Let A E p(62)', B E tt(62)'.

(1) A*l £ 7J>(77*) if and only if Ay £ D(S)for every y £ 62 and in this case

S (Ay) = 77*(y*)yi*l.

(2) B* 1 £ D (pb) if and only if By E D (F) for every y G & and in this case

F(By) = p\yb)B*\.

Proof. We shall prove (2), the proof of (1) being similar. Suppose 5*1 E

D(pb). Then for every x,y E 62 we have

<x», By} = <5*7T(x*)l,y> = <fi*l, 77(x)y>

= <£*!, p(y)x> = <pb(yb)5*l,x>.
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Hence By E D(F) and F(By) = pb(yb)B*\. Conversely, suppose By £

D(F) for every y E 62. As in the proof of Theorem 14, B*l E D(F) and

F(B*\) = B\. Then for everyy, z £ 62 we have

(p(z)y, B*iy = (yz, 5*1> = <F(2?*1), z*y*} = <B1,77(z»)y*>

= <577(z)l,ys> = <Äz,y*> = <y, F(&)>.

Hence 5* 1 E D (p(z)*) for every z E 62 and so B* 1 E D (pb).   □

Corollary. Let A £ p(62)', 5 E 77(62)'. 7/ 62' = 62r and" 77, p are essentially

selfadjoint, then By E £>(F), ^y E Z)(S') and F (By) = p(yb)5*l, 5(^y) =

ñ(ys)A*l for every y E 62.

Proof. If 62' = 62r and 77, p are essentially selfadjoint, then 7>(t7ä) = 62' =

62r = 7J> (pb) and this subspace is invariant under p(62)' and 77(62)'.   □

Theorem 19. Let (62, *, co) be a symmetric probability algebra for which

62' = 62r and 77, p are essentially selfadjoint. Then p(62)' Ç 77(62)".

Proof. Let A E p(62)', 5 E 77(62)' and let 62 3 x,-*A\. Applying the

previous corollary, for any x, y £ 62 we have

<ABx,y) = (Bx,A*y) = <S(A*y), F(Bx)}

= <7?(y«>41,p(xb)i?*l> = <>il,7?(y)p(xb)5*l>

= lim<x,., 77"(y)p(xb)5*l> = Bm<y*^x, 5*1>

= lim<7r(y»)p(x)x,, 2?*1> = lim<x„ p(xb)7?(y)5*l>

= (Al, p(xb)7?(y)5*l> = <p(x>41, 7?(y)5*l>

= <Ax,B*y) = (BAx,y).

Since A and B are bounded we have AB = A4 so p(62)' Ç 77(62)".   □

It is natural to conjecture that p(62)' = 77(62)". In the example which

follows, this is so even though 62' ̂  62r.

7. An example. Let 62 be the complex associative algebra with identity 1

generated by elements p and q satisfying the Heisenberg commutation

relation pq — qp = — il. We call 62 the canonical algebra for one degree of

freedom. We denote by * the unique involution of 62 under which the

generators p and q are selfadjoint.

The Schrodinger representation 770 of (62,8) acts in the Hilbert space H0 =

L2(R), with domain the space S0 = §(R) of infinitely differentiable rapidly

decreasing functions, and is defined by 770(p) = />„, ir0(q) = q0 where p0 =

— id/ dt and q0 is multiplication by the coordinate t E R. The Schrodinger

representation is faithful, selfadjoint and irreducible, meaning that its

commutant 77(62)' consists of multiples of the identity [13]. The unit vector
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/0(0 = 7T-1/4exp(-i2/2) (7.1)

is strongly cyclic [13].

We denote by a ± the linear combinations, mutually adjoint under *,

a+ = 2-'/2(a - ip),   a' - 2~x'\q + ip), (7.2)

satisfying

a~a+ —a+a~ = 1,

and by a$ their images under 770. The vectors

/B = ll(tfo+)7ir'(ao+)7o,       « = 0,1,...,

form a maximal orthonormal set in H0 contained in S0. In fact /„ is the

normalized Hermite function

fn(t) = (V^2- n! )-1/2/Yn(0exp(-i2/2)

where

Hn(t) = (-l)"expi2(|)''exp(-i2)

is the nth Hermite polynomial. The action of a«f on the/„ is

a07n=V>7TT/n+„   a0-/„= {°V/i/ni     5;;J (7.3)

We denote by 62(m) the subspace of 62 comprising polynomials inp and q of

degree < m. Using (7.3) it is not difficult to see that for x E 62Cm),

n»#(*)/ji < c(^)«m/2

where C(x) > 0 is independent of n. It follows that for each ß > 0 the series

W/,(*) = (l-*-')-'  2 e-»ß^0(x)fn,fny
n = 0

converges for arbitrary x £ 62 = U ™=0&m), and defines a faithful state uß of

(62,s), called the centered isotropic normal state of parameter /? (the

terminology will be justified in §9).

Lemma 19. (62, *, to^) is a symmetric probability algebra.

Proof. Fix x E 62 and consider

aß(a+x) = (1 - e-")"'   2  e-P\a^0(x)fn,fny
n = 0

= (1 - e-*yl 2   e-ß\7T0(x)fn,aöf„>

= (1 - e-')'* 2 e-^VÏÏ <770(x)/„,/n_,>
n-0
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together with

uß(xa+) = (1 - e"")"1 £   í-^oW«o7*/.)

= (1 - e-")-1 2   e-^V>7TT<770(x)/n+„/n>.
n = 0

Comparing these expressions gives

uß(a+x) = e~ßo)ß(xa + ),

and a similar argument gives

03ß(a~x) = efioiß(xa~).

Using (7.2), it follows that for arbitrary x £ 62,

up (px) = uß (xp%   up (qx) = up (xaA)

where

p* = cosh /?p - i sinh ßa,   aA = i sinh /?/> + cosh ßq.

Since 62 is generated byp and a it follows that for arbitrary x,y E 62,

<*ß(y*x) - *>ß(xa(y*))

where A is the automorphism of 62 which maps the generators p and q to />A

and aA, respectively. Settingyb = A(y*), we have for all x,y £ 62,

up(yh) = uß(xyb) (7.4)

as required.   □

It is clear that the automorphism A is the restriction to 62 of the operator

denoted also by A whose existence, together with that of the involutory

isometric conjugate-linear operator 7 on the completion H of 62 in the inner

product < , ) determined by co, is asserted in Theorem 15. However, in this

case we have much more structure; in fact (62, *, u) has the properties of a

modular Hilbert algebra [17, Definition 1.1], with the exception of the

continuity of left multiplication.

Theorem 20. There exists a complex one-parameter group {A(z); z E C} of

automorphisms of 62 such that for all x,y E 62, z E C, t £ R:

(a)(A(z)x)* = A(-f)x*;

(b)<A(z)x,y> = <x,A(z-)y>;

(c)<A(l)x*,y*> = <y,x>;

(d) <A(z)x,y) is an analytic function of z E C;

(e) (x + A(r)x: x £ &) is dense in 62.

Proof. We set, for each z E C,
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p**) = œsh( ßz)p - i sinh(ßz)q,

aA(z) = i sinh(ßz)p + cosh( ßz)q. (7.5)

Since />A(z)aA(z) - t7A(z)pA(z) = - il, there is a unique automorphism A(z) of 62

under which p^z) and aA(z) are the images of p and q. By comparing the

images of p and a it is clear that A(z, + z2) = A(zx)A(z2) for arbitrary z„

z2 E C, and that A(-z,) = A(z,)_I. Thus (A(z): z £ C} is a complex one-

parameter group. Since

pAUn= cos\i(ß^p + i sinh()8z)a =/7A(-f) =/?*A(-z)

and, similarly, aA(z)* = c7*A(_¿), the conjugate-anti-automorphisms xh>(A(z)x)'

and xh»A(-z)x8 agree on the generators p and q and are, hence, identical.

This proves (a). To prove (b) note first that A(z)a+ = e~ßza+, A(z)a~ =

eßza~, whence A(z\a+ja~k) = e-(j-k)ßzaJrja-k and so

(A(z)(a+Ja-k),a+'a-my = e-<J-k)ßz(a+Ja-k,a+'a-m),

(a+ja~k, A(I)(a + 'a-m)) = e-('-m)ßz(a+ja-k, a+'a'm).

Now iîj — k¥=l—mwe have

(a+Ja-k,a+'a-m) = aß(a+ma-'a+Ja-k)

= (i-e-ßyl 2 r*(fl;\'a0\l/„)

= (1 - e-0"1 2   e-ßXa+Ja0-kfn,a+'a0-%}
n = 0

= 0,

as follows from (7.3) and the orthogonality of the /„. It follows that for all

values of j, k, I, m,

(A(z)(a+Ja-k),a+'a-m) = 8J_kJ_me-(i-k)\a^a-k,a+,a-m)>

= (a+Ja-k,A(i)(a+'a-m)>.

Since the elements a+Ja~k,j,k = 0, 1, . . .,  span 62, (b) is proved, (c) is an

immediate consequence of (7.4) and the definition xb = Ax* = A(l)x*. (d) is

clear from the fact that A(z)x is a polynomial, with coefficients in 62, in the

analytic   functions   cosh z,   sinh z.   Finally,   since   A(t)(a+Ja~k) =

e-o-k)ßia+ja-k jt is clear that tne imear set j-x + A(/)x: x £ 62} includes the

set {a+Ja~k:j,k = 0, 1, . . . }, linear combinations of which span 62. Hence

(e) holds.   □

The state Wg satisfies the "KMS boundary condition" [6], [17] for the

automorphisms (A(ii): t £ R}, meaning that for arbitrary x,y E 62 there is a

continuous function FXJ, on the strip 0 < Im z < 1, analytic in 0 < Im z < 1,

such that
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fxAO = <*ß{(W)x)y),   Exo,(t + i) = to^yA(ii)x).

Indeed, if we define Fx¡y(z) = uß((A(iz)x)y), then Fxy is everywhere analytic

and, hence, continuous, and, using (a), (b) and (c) of Theorem 20, we have

F^(t + i) = uß((A(it - l)x)y) = <y, (A(ii - l)x)*>

= <y, A(ir + l)x*> = <y, A(ii)A(l)x*> = <A(-if)y, A(l)x*>

= <A(l)x*,A(-i/)y> = <(A(-ii)y)*,x> = <x, A((-it)yf)

= <x, A(-ii)y*> = <A(i/)x,y»> = to^yA^x)

as required.

Motivated by the analogy with a modular Hubert algebra, we introduce the

conjugate-anti-automorphic map

*: & 3 x^x* = A(j)x*.

From (7.5) we obtainp** = p, q** — q so * is an involution. Since

<x*,y*> = <A(i)x«, A(i)y»> = <A(l)x*,y«> = <y, x>,

by Theorem 20(d), * is isometric and extends uniquely to a conjugate linear

isometry 7 (in fact the operator so denoted of Theorem 15) from H to H. In

this case we have

Lemma 21. 7 maps 62' continuously onto 62r, and vice versa. For arbitrary

x E 62,

p(x) = 7t7(x*)7.

Proof. By the isometry of *, for x,y E 62,

,ll**|| = ll**HI - H0"*)1 = il***ll = 11*11,.. (7.6)
To show that 7: 62' -» 62r, let x £ 62' and let x, be a net in 62 converging to x

in the left induced topology. Then, in particular, 7x, -> 7x in the Hilbert

space topology. Moreover, p(y)7x, is Cauchy in H for every y E 62, since

||p(y)7x,. - p(yyxj\\ = y\\x* - x*\\ = ||x,. - xy||,.

by (7.6). Hence 7x E D (p(y)), where p(y) is the closure of the operator p(y).

Sincey was arbitrary, 7x £ D^egTJ)(p(y)) = 7>(p) = 62r as required. Extend-

ing ,|| || to 62r and || \\y to 62', it follows from (7.5) that

,i\Jx\\ = ||x||,.

for all y £ 62, x E 62'. Thus 7: 62' -» 62r is continuous in the induced

topologies. A similar argument shows that 7 maps 62r continuously to 62' and

the first statement of the lemma now follows. Finally for arbitrary y E 62r =

D(p), if y, is a net in 62 converging in 62r toy we have for arbitrary x E 62,

since tF(x*) is continuous on 62',



A NONCOMMUTATIVE PROBABILITY THEORY 25

Jir(x*)Jy = lim 77r(x*)7y, = lim Jir(x*)yf = lim 7x*y,*
i z /

- lim 7(y,x)* = lim y,x = p(x)y.   Q
í i

8. A commutation theorem. In this section we shall show that, if (62, *, uß) is

the probability algebra generated by the centered isotropic normal state co^ of

parameter ß on the canonical algebra (62, *), then the commutants 77(62)' and

p(62)' are commutants of each other, and that the isometry 7 induces a spatial

anti-isomorphism from each to the other.

We recall [13] that 77(62)' = t7(62)' and p(62)' = p(62)'. We shall construct a

pair of representations 7r, and p, unitarily equivalent to the pair 77 and p,

whose commutants can be exhibited in explicit form.

We recall [14] that the domain S0 = S (R) of the Schrodinger repre-

sentation 770 is a nuclear space with its usual topology, which is in fact the

topology on S0 induced by 770 [13], but is determined by the countable family

of norms || ||m, m = 0, 1, . . . , where

=/(-5+'2 + if'<'>dt = |K((a-a+)m)/||2.

We denote by 770 ® H0 the Hilbert space of Hilbert-Schmidt operators in

H0 = L2(R), and by 50 ® 770 the subspace of H0 ® H0 consisting of Hilbert-

Schmidt operators whose ranges are contained in S0. For T E S0 ® H0 and

x £ &, ir0(x)T is clearly a well-defined operator from H0 to S0.

The authors are grateful to A. Katavolos for pointing out an error in an

earlier version of the proof of the lemma which follows, and to S. L.

Woronowicz for conversations which resulted in the present version.

Lemma 22. For arbitrary T £ S0 ® H0 and x £ 62, 770(x)F E S0 ® H0.

Proof. Since pi + q\ is an essentially selfadjoint operator with spectrum

{1, 2, 3, . . . }, (pi + ql)~x exists and is a Hilbert-Schmidt operator. We write

7r0(x)F= (pi + q2y\pl + ql)TT0(x)T = (p2 + q2)~\(y)T

where y = (p2 + q2)x. Since the Hilbert-Schmidt operators form an ideal in

the algebra of all bounded operators, it is sufficient to show that 770(y) T is

bounded.

To do this we first show that T is closed as an operator from the Hilbert

space H0 to the topological space S0. Indeed, if g„ -» g in 770 and Tgn -+fin

S0 then, in particular, Tgn —>f in the sense of the 770-norm on S0. Since T is

Hilbert-Schmidt it is a closed operator from 770 to H0 and, hence, Tg = f.

Since S0 is a complete metrizable space it follows from the closed graph

theorem that T is continuous from 770 to S0. Since 770(y) is continuous from
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S0 to itself, 770(y)F is continuous from H0 to S0. But then 770(y)F is, in

particular, bounded with respect to the 770-norm on S0 as required.   □

It follows from Lemma 22 that, for x E 62,_77,(x): T^>it0(x)T is a

well-defined operator in the Hilbert space H0 ® Hq, with invariant domain

S0 ® 770.

Lemma 23.77, is a selfadjoint ^-representation of 62.

Proof. That 77, is a representation of 62 follows at once from the fact that

770 is a representation. Also, for arbitrary Tx, T2 E S0 ® 770, if { gj, j = 0,

1,.. . } is a maximal orthonormal set in 770, we have for arbitrary x E 62,

<77,(x)F„ F2> = 2   <Mx)T1)fyT2gj>
7-0

=   2     ̂ oWr,g;J2g;)=   S     <Tlgj,«0(X*)T2gj>
7=0 y=o

= 2   <Tx gP (tt, (**)T2 ) gj} = <F„ 77, (x»)r2>,
7=0

using the fact that 770 is a ^representation.

To prove_selfadjointness, let Q £ i>(77*). Then for arbitrary x £ 62 the

map Sq ® 770 3 F-» <77,(x)F, Q) is a bounded linear functional in S0 ® H0.

Set T = / ® g, with / E S0, g G_H0 where, for gx, g2 £ H& g, ® g2 is the

element g-*(g, g2}g\ of 770 n H0. Then for some positive real number M

we have

M\\f\\   \\g\\  = M\\f ® g||   >   |<77,(X)/ ® g, ß>|

= K(^oW/) ® f. e>i = K»to(*)/. &>|.
Hence the map 50 3 /-> <770(x)/, gg> is a bounded linear functional in S,,

for all x £ 62. Hence Qg £ D(ir*) = 7>(t70) = 50 since tt0 is_selfadjoint.

Hence Q maps arbitrary g G H0 into 5"0, that is Q E 50 ® H0 = D (77,).

Hence 77, is selfadjoint.   □

Lemma 24. 77je commutant 77,(62)' of 77, is ine sei of bounded operators C in

H0 ® H0 of form CT = TCX for some bounded operator C, in H0.

Proof. If F is a Hilbert-Schmidt and C, a bounded operator with operator

bound ||Cx\\x, then TCX is a Hilbert-Schmidt operator whose Hilbert-Schmidt

norm satisfies ||FCjJ| < ||F|| HCjH«, [15]. Hence C: F-^ FC,Js a bounded
operator in 770 ® H0. Moreover, for arbitrary Q, T G S0 ® H0 and x £ 62

we have

<C77,(X)Ô, F> = <77,(X)ÔC„ F> = <ßC„ 77,(X)F> = <Cß, 77,(X*)F>,

showing that C £ 77(62)'.
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Conversely, let C E tt(62)'. For fixed g, g' E H0 define a sesquilinear form

<t>g<g, on H0 X 770 by

*„,(*, n') - <CA ®g,h'® g'>.

Since

|^A,*0|<IIC|UIA®illll*'®ril
= l|C||00||n||||g||||n'||||g'||,

$g^. is bounded, hence of form

$g)g,(n,n') = <r(g,g')n,n'>

for some bounded operator T(g, g') with

lir(g,g')IL<l|C||00||g||||g'||. (8.1)

We prove that T(g, g') is in the commutant of the Schrodinger representation

and is thus a multiple of the identity. Thus, if /, /' E D(t70) = S0, for

arbitrary x E 62,

<r(g,g')770(x)/,/'> = 4V(770(X)/,/')

= <C(770(X)/) ® g,f ® g'> = <C77,(X)(/ ® g),/' ® g'>

= <C/ ® g, 77, (X*)/' ® g'> = <C/ ® g, (770(X*)/') ® g'>

= *,,,,(/, 770(X*)/') = <T(g, g')f, 770(x*)/'>.

Hence we can write T(g, g') = y(g', g)I where y is easily seen to be sesqui-

linear and, in view of (8.1), satisfies

|yU',s)l<l|C|U|g||||g'||.
Thus we can set y(g', g) = <C, g', g> for some bounded operator C, on H0.

But then, for arbitrary g, g', n, n' E H0,

<Ch®g,h'® g'> = Og>g,(n, h') = <r(g, g')n, n'>

- y(8, g')<h, h') = <n, A'XC.g', g> = <n, h'Xg', Cfg>

= <n ® ( C*i), A' ® g'> = <(A ® g)Cx, h' ® g'>.

Since elements of form h® g are total in 770 ® H0, it follows that CT = TCX

for arbitrary T G H0<8> H0. JJ

We equip the space 5"0 ® HQ with the topology determined by the count-

able family of norms || ||m, m = 0, 1, ..., where ||F||m = \\TT_x((a-a+)m)T\\,

and establish an analogue for the topological space S0 ® 770 of the "TV-

representation" and the expansion in terms of Hermite functions /„ [14] for

S0. Thus we let s(H0) be the topological vector space consisting of sequences

UX-o of vectors g„ E 770 such that, for m = 0, 1, 2, ... ,  sup„ nm||g„|| <

00, in which the topology is that determined by the norms || ||m, m = 0,

1, . . ., where
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>nColl2m=2(« + l)2m||gnl|2.

Lemma 25. The map S0 ® H0 3 T^>{g„ = F*/„}"_0 is an isomorphism

from the topological vector space S0 ® H0 onto s(H0) whose inverse is given by

s0(H0)3 {gn}™_0r+T, where

T=   2   /„»&,,
n=0

the convergence being in the sense of the topology of S0 ® H0.

Proof. If T G S0 ® H0 and g„ = T*fn, then for m = 0, 1,...,

||F||2m = ||77,((a-a + )m)F||2 = ||(,7,((a-a + )m)r)*||2

= I ||(77,((a-a+)'")F)*/n||2.
«=o

Now since/, E 50, for arbitrary x £ 62, g E H0,

<(77,(x)F)*/„, g> = </„, 7T,(x)Fg> = </„, 770(x)(Fg)>

= <770(x*)/„, Tg) = <F*770(x*)/n,g>,

showing that (t7,(x)F)*/„ = F*770(x*)/„. Hence, since a0-a07„ = (n + l)/„ we

obtain

\\T\\2m = 2   lir*(«cT«o+)7j|2= 2   (n + l)m\\T*fn\\2.
n=0 n=0

Hence the map T -* {g„ = F*/„}~_0 is isometric for each of the norms || ||m

in 50 ® HQ and s(H0), respectively.

Now let {g„}"_o £ s(H0), and consider the partial sums TN — 2^=0/„ ®

g„, N = 0, 1, . . . , each of which is in S0 ® H0 since each /„ £ S0. For

M > N, by the orthonormality of the/„, we have

\TN-TM\\2m =

M

Sn

M

2
n = ;v+i

2     (*„((« "«T)/»)®«,
M

2

M

2     (n+l)7„®g„
n-JV+l

A/ M

=   2   (n + i)2l/n®gj|2=  2   (" + i)mU&,ll2,
n = N+\ n = N+\

which converges to 0 as M, JV-»oo, since ||{g„}"_ollm is finite. Hence
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{Tn)n-o is Cauchy in 50 ® H0 and so converges to some T G S0 ® H0.

Moreover, since T = 2~_0/n ® g„, hi particular in the sense of convergence

in Hilbert-Schmidt norm, we have T* = 2"=0g„ ®/„ (Hilbert-Schmidt norm

convergence), whence since the f„ are orthonormal, T*fn = g„. Thus T is

indeed the preimage of ( g„}"_0-

Thus we have an invertible linear map between the two spaces which is

isometric for each of the norms defining the respective topologies. Hence the

two spaces are isomorphic as claimed.   □

Since for each ß > 0 the sequence {g„ = e~nß/2fn}™-o *s m Jo(#o)> tne

operator

üß = V-e-ßyl/2f,  e-»ß'X®fn
n=0

is a well-defined element of S0 ® H0.

Lemma 26. For arbitrary x E 62,

Uß(x) = <*i(*)fyj>fy¡>.

Proof.

<77,(x)ß/8ß/8> =   2  <(T,(^)/„,V„>
n = 0

- 2 <»0( W«. V->
n = 0

-(I-«-1')"'!    e-^<770(x)/n,/„>
n = 0

= Uß(x).    a

We recall [13] that a vector ß E S0 ® TÍq is strongly cyclic for the represen-

tation 77, if for arbitrary T G S0 ® H0 there exists a sequence x„ of elements

of 62 such that 77,(x„)ß converges to F in the topology determined by the

seminorms || \\y,y G 62, where \\T\\y = ||77,(y)F||. Since the powers of a~a+

dominate & [13] this topology coincides with the one already introduced

determined by the norms \\ \\m,m = 0, I, . . . .

Lemma 27. ñ^ is strongly cyclic for wx.

Proof. We first compute the kernel of the Hilbert-Schmidt operator Slß,

considered as an integral operator in H0 = L2(R). Using Mehler's formula for

Hermite polynomials,

ï(n\y\\z)nHn(s)Hn(t)
n-0

= (1 - z2)_1/2exp{(l - z2)"'(2zsf - z2(s2 + t2))),
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together with the defining formulae for Üß and/„, this is

Fß(s,t) = (1 - e-")-1/2 2  e~^2fn(s)fn(t)
rt-0

= 77-'/2exp{ - ^coth(i ß)(s2 + t2) + cosech(i ß)st).

By considering <77,(x)ß/3g,/> = (tißg, 770(x,)/> for/ E SQ it is easily seen

that for x = 2m>ncm^mt7n E 62, the kernel of tt^x^ is given by

Fx (s, t) = 2 cmn( - i ys) s"Fß (s, t) = Px (s, t)Fß (s, t)

where Px is a complex polynomial in two indeterminates. Conversely, every

such polynomial is of form Px for some x E 62. To see this, observe that Px is

the identity polynomial, that Pqx(s, t) = sPx(s, t), and that, since the kernel

of TTx(px)Up is

{-i^)px(s,t)Fß(s,t)

= (i(coth( \ ß)s - cosech( \ ß)tyx(s, t) - i-| Px(s, í)Jf^(s, t),

Ppx(s, t)= -i cosech( ^ ß)tPx(s, t) + i coth( \ ßyqx(s, t) + P'(s, t)

where P' has degree less than that of P. It is now clear by induction on the

degree of P that an arbitrary polynomial P is of form Px for some x E 62.

Since the quadratic form in the exponential in Fß(s, t) is nonsingular, the

class of functions PFß is dense in the Schwarz space %(R2). Thus, given

arbitrary F E S(Ä2), there exists a sequence {x^}",^ of elements xN E 62

such that the kernels Px Fß converge to F in the Schwarz topology of S (R2)-

In particular, PXf/Fß converges to F in each of the norms || ||m on S(/?2),

where

\\E\\2, -/„(-£ ̂ +5 K<>ds dt.

Now_each F £ § (R2) is the kernel of a Hilbert-Schmidt operator TF in

H0 ® H0. Let us show that TF G S0 ® 770 and that ||F||m = \\TF\\m. To do

this, observe that if

*•(*.<)-2 c^fn(s)f^(t)
n,ri

is the two-dimensional Hermite expansion of F then

1112. = 2   (" +   \fm\Cn,n\\
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while TF is given by

TV = 2 cnXfn®fn,

where the convergence is in Hubert-Schmidt norm, and this can be expressed

as

TF = 2 fn ® gn

where gn = 2„-c„ „-/„- and, in consequence,

>X=olf = 2(« + i)
2m

«_.   (-nn' Jri

= 2 (« + l)2m|c„,„,|2 = ||F||2m < <x>.

n,ri

It follows from Lemma 25 that TFG S0® H0 with

l|7>ll2» = llUX-olli. = ll^ll2«-
Now let F E 50 ® H0 be arbitrary; the strong cyclicity of ß^ will be

established if we can find elements xN, N = 0, 1, . . .,   of 62 such that for

m = 0, 1, 2, ... ,   || F - TT^x^ß^H^ -> 0 as N -> oo. We write the "Hermite

expansion" of T as

//,0't = 2 ¿® a,,     s„ = 7*/„

and recall that this converges in the topology of S0 ® HQ, so that

n=0

as n -» oo for all m. Now S0 is dense in the Hubert space 770, hence there exist

elements/„„ E S0 such that ||g„ - fnN\\ < e~N. We set TN = 2?_0/„ ®/niV.

Then

?« ->0

|F- F„||m< F- 2 /„«&,
n = 0

+ 2 /»«(&-/.*)
n = 0

N 1/2

+ |  2  (n + I)-,
n = 0

2m   -IN

Hence II F - F«

7- 2 /«®&
n = 0

■ 0 as N -+ oo, for all m = 0, 1, . . . . Now the kernel of

TN is FN(s, t) = ^Nn=0fn(s)fnN(t), which is clearly an element of %(R2). It

follows that there exist xNM, M = 0, 1, . . ., such that for all m = 0, 1, ...,

l|7/v - PXNuFß\\m-^0, or, what is the same thing, \\TN - 77,(xArA/)ßy8||m ^0,

as M —» oo.

Now choose a sequence (M0(N)}^=0 of nonnegative numbers such that, as

N —> oo, || TN — 77,(xArA/o(A,))ßy8||0-*0. Assuming inductively that a sequence

{Afm(iV)}"_0 of nonnegative numbers has been found such that, as JV-» oo,
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\\TN - ttx(xnm (Ar^ß^lL- —► 0 for ail m' < m, choose a subsequence

{Mm+x(N)}^.ôoî {Mm(N)}%_0 such that \\TN - ^(xN,Mn+HNpp\\m+l^0.

Finally let x^ be defined as xN = xn,mn(ny Then \\TN — nx(xN)Slp\\m -*0 as

#-> oo for all m = 0, 1, . . . . Hence by the triangle inequality ||F -

•n(xN)Clß\\m -» 0, m — 0, 1,. . ., as was to_be proved.   □

Lemmas 26 and 27 show that (770 ® 770, 77,, ß^) is a Gel'fand-Naimark-

Segal triple for the state co^ of (62, *) in the sense of [13]. But (H, 77, 1) is

trivially a second such triple. By the uniqueness of the Gel'fand-Naimark-

Segal construction, there exists a unitary transformation Wß from 77 onto

770 ® 770 under which 77 is unitarily equivalent to 77,, and such that rVßir(x)l

= 77,(x)ß/3 for all x E 62. In particular, it follows from Lemma 24 that 77 is

self adjoint. We define the b-antirepresentation p, by p,(x) = Wßp\x) Wß x

and the conjugate-linear isometry 7, from H0 ® 770 to itself by 7, =

WßJWßx. From Lemma 27 it is clear that 7, maps the domain of 77,

bijectively to that of p, and vice versa, and that for arbitrary x E 62,

p,(x) = 7,7r,(x*)7,.

Lemma 28. For arbitrary T E 770 ® 770, 7, F = F*, the operator adjoint of

_Proof. Since 7>^ F* and 7, are both conjugate linear isometries in H0 ®

H0, we may assume without loss of generality that F belongs to the dense

subspace Wß(&), say

F=   WpX = 77,(x)ß„.

Then JXT — WßJx = Wßx* = 77,(x*)ß/8. Thus we must show that (irx(x)üß)*

= 77,(x*)ß/3. We may further assume without loss of generality that x is of

forma~ma+''.

For arbitrary/ E S0, since a¡j~ is continuous in the topology of 50,

a0+ß/8/= (1 - e-")"172 2   e-ßl\f,Oa+fn

= (1- e~ß

- (1 - e~ß

= (\-e~ß

= (\-e~ß

= eß/%a+f.

■1/2

n-0

00

-1/2

■1/2

2   Vn~+\  e-ß/2afn>fn+l

>22  e-^x^\f,aöfn+x>fn+x

eß/2f   e-W\f,a¿f¿f„

1/2 e"/22   e-»'ß/2<f,a0-f*>f*
n' = 0
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Since a0+/ E S0 we have by repetition

a0+"Slpf=e"ß/%a0+y,

and, by a similar argument,

a¿ma¿nSlpf = e-(m-n)ß/%aömaj"f.

Hence, for arbitrary g E 77o,

<a0-'V V> g> = e-(ffl-^/2<Vo"V"/. 8>

- e-^-")ß/\aöma^f Qßg)

= e-(m-n>^2</, a0-"a0+m V>-

Since 50 is dense in 770, it follows that

(77,(x)ß^)* = (a0-ma0+"Qß)* = e-ßim-"V2a^atmüß.

But it follows easily from (7.5) and the definition of * that

x* = (a-ma+n)* = e-ß(m-»')/2a-'>a+>".

Hence (irx(x)üß)* = 7r,(x*)ßy8 as required.   □

Now we can prove the main result of this section.

Theorem 29. The commutants 77(62)' and p(62)' 0/77 and p are commutants of

each other as von Neumann algebras. Moreover, the operator J induces a spatial

anti-isomorphism from either one ofir(&)', p(62)' to the other.

Proof. It is sufficient to prove that the commutants of 77, and p, are

commutants of each other, spatially isomorphic under 7,. Since p,(x) =

7,77,(x*)7„ it is clear that p,(62)' = 7,77,(62)'7,. By Lemma 24 p,(62)' thus

consists of all operators of form T^>(T*CX)* = C* F, where C, is a bounded

operator on 770. Thus p,(62)' comprises all premultiplications by bounded

operators in 770, whereas 77,(62)' consists of all such post-multiplications. But

it is well known [4] that these von Neumann algebras are each other's

commutants.   □

9. A uniqueness theorem and its consequences. We recall that, for fixed

ß > 0, the involution b on the canonical algebra 62 defined byyb = A(y*),

where A is the automorphism of 62 under which the images of p and q are

pA = cosh ßp — i sinn ßq and qA = i sinh ßp + cosh ßq, makes (62, *, co^) a

symmetric probability algebra. The following theorem shows that co^ is

determined uniquely by b.

Theorem 30. Let u be a state of (62, *) such that for all x, y G 62,

co(y*x) = co(xyb). Then u = uß.

Proof. Since Ax = x#b we have, for arbitrary x,y £ 62,

co(xy) - co(yAx). (9.1)
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Using the facts that

Aa+ = e-ßa+,   Aa' = eßa~ (9.2)

and

a~a+ -a+a~ = 1, (9.3)

we deduce that, for r = 1, 2, ... ,

co((a-a + )') = e*co((a+a-)r) = e^co((a"a+ - l)r)

-«'2  {rs)(-l)H(a-a + Y). (9.4)

Equations (9.4) constitute a recurrence relation which determines the

quantities u((a~a+)r), r = 1, 2, ..., once u((a~a+)°) = 1 is fixed. Since our

argument is applicable equally well to co^ it follows that u((a~a+)r) =

uß((a~a+)r) for all r = 0, 1, 2, ... . Since a~ra+r can be expressed using (9.3)

as a linear combination of 1, a~a+, (a~a+)2, . . . , (a~a+)r it follows in turn

that, for r = 0, 1, 2 ...,

to(a-ra+r) = co^(a-ra+r). (9.5)

On the other hand when r^swe have, using (9.1) and (9.2),

to(a-'a+i) = e^to(a+Ja-r) = e^-s)ßu(a~ra+s)

so that u(a~ra+s) = 0. Since by the same argument uß(a~ra+s) = 0 we

deduce that, for r, s = 0, 1, . . . and r^s,

to(a-'a+î) = uß(a~ra+s). (9.6)

The theorem follows from (9.5) and (9.6) together with the fact that 62 is

generated by a + and a ~.   □

As a first application of Theorem 30 we show that to^ is the unique state

satisfying the KMS boundary conditions for the automorphisms (A(if):

t G R } of Theorem 20. Thus, suppose co is a KMS state, so that for arbitrary

x, y E 62 there is a continuous function FXJ/ on the strip 0 < Im z < 1,

analytic on 0 < Im z < 1 such that

f*A') = <(H")x)y)> FxA* + 0 = "(.M(ii)x).

Define the function Gxo, on C by GXJ/(z) = u((A(iz)x)y). Then GXJ, is

everywhere analytic and coincides with Fxo, on the real axis. Hence GXJI

coincides with Fx¿, everywhere on the domain of definition of the latter, that

is, we have

F^ (z) = co((A(iz)x)y),       0 < Im z < 1.

Now we can write, for arbitrary x,y E 62,
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co(y*x) = co((A(-l)A(l)y*)x) = F^«

- co(xA(0)A(l)y») = u(xyb).

It follows from Theorem 30 that co = uß.

The involutions * and b and the modular automorphisms A(z), z £ C, are

graded, meaning that they leave invariant each subspace 62(m) of elements of

degree < m. The next lemma shows that, modulo a graded automorphism p

of 62 (which is determined by its action on the generators/? and q, of form

(;M?Mî)+fê ')■
where A is a 2 x 2 complex unimodular matrix and c„ c2 are complex

constants) every graded probability algebra structure on 62 is equivalent to

one of the algebras (62, *, co^), 0 < ß < oo.

Lemma 31. Let u be a linear form on 62, and suppose that there exist graded

involutions * and * of 62 such that (62, t, u) is a symmetric probability algebra

for which to(ytx) = coixy*1) for all x and y E 62. 77ien there exist a positive

number ß and a graded automorphism p of 62 such that for all x E 62, co(x) =

Uß(p(x)), x+ = p~x((pxf") andx* — p~x((px)b).

Proof. Let D be the automorphism x-^x1^ of 62. Then for arbitrary x,

y £ 62 we have

u(xy) = u(yDx), (9.7)

and D leaves each 62(m) invariant. Moreover, D is symmetric and positive with

respect to the inner product <x,y> = co(ytx), being the restriction to 62 of the

positive self adjoint modular operator of Theorem 15 for the closable proba-

bility algebra (62, t, co). Hence the restriction to (&X) of D is fully reducible. If

it is the identity then setting x = p and y = q in (9.7) gives u(pq) — u(qp),

which is impossible since u(pq) — u(qp) = u(pq — qp) = — i. Hence D

possesses an eigenvector a, say, in 62(1) for which the corresponding eigenva-

lue X =?£ 1. From (9.7) we have co(ax) = \u(xa) for arbitrary x £ 62, whence,

since co is ^positive, u(xa^) = co(axt)=Xco(xta)= Xco(atx). Since A is real (D

being symmetric) and nonzero (D being an automorphism) and since co is

faithful, it follows that Da? = X~xa^. Now the identity 1 is an eigenvector of

D in 62*1' whose eigenvalue is 1. Thus the elements 1, a, a* of 62(1), being

eigenvectors belonging to distinct eigenvalues, are linearly independent.

Writing

a = cp + dq + el,    a* = c'p + d'q + e'l,

we must therefore have cd' — c'd i= 0, and hence aa^ — afa is a nonzero

multiple of the identity. Since aa^, a^a are t-selfadjoint this multiple is real

and, by appropriate normalisation of a, can be taken to be either +1 or — 1.



36 S. P. GUDDER AND R. L. HUDSON

The latter case reduces to the former if we exchange the roles of a and a?,

hence we may assume that

aa* - a+a = 1. (9.8)

Since the pair (a, a1) and (a+,a~) are generators of 62 satisfying the same

commutation relation there is a graded automorphism p of 62 for which

pa = a~, pa* = a+. Since p maps the mutually ^adjoint generators (a, a1) to

the mutually "-adjoint generators (a~,a+), the involution * is given by
x+= p-x((px)*).

From (9.8) we have

u(aa*) - u(a*a) = 1,

while from (9.7)

to(aat) = Xco(ata).

From these equations it follows that À > 1; we write X = eß for ß positive.

Then Da = eßa, Da* = e~ßa*. Hence pDp~xü~ = eßa~, pDp~xa+ = e~ßa+.

Comparison with (9.2) shows that the automorphisms pDp ~ ' and A coincide

on the generators a± of 62, hence they are identical. Since x* = D(x*) we

deduce that the involution * is given by

x* = í'_1Aí'xt = p~xA(pxf = p~x(px)b.

The lemma now follows by applying Theorem 30 to the state co' of (62, *),

where co'(x) = u(p~ x(x)), which is "-positive, since for all x £ 62,

co'(x*x) = «(i'-,[i'((!»-Ijc)t)jcl) = co((í'-1x)+í'-1x) > 0,

and which satisfies

co'(y»x) = co(»'-1[f'((i'-!y)t)x]) = to^-'y^-'x)

= u(p-xx(p-xyf) = a(v-l[yv((r-lx))]*) = co'(xyb).    D

As a final application of Theorem 30 we shall show that the states co^ are,

in a certain sense, indeed analogues of normal distribution in classical

probability, as suggested by the terminology used to describe them. (Our

argument may be compared with that of [2].)

We denote by 62„ the algebraic tensor product 62 ® • • • ® 62 of n copies

of 62, which we equip with the product involution denoted also by * for

which (x, ® • • • ® x„)* = xf ® • • • ® x*. We set

Pj = 1 ® • • • ® 1 ® p ® 1 ® • • • ® 1,

q = 1 ® • • • ® 1 ® ^  ® 1 ® • • • ® 1
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and observe that the elements

pM m „-./2(/,i + ...  +pn)y    qM m „-i/2(ii + ...  +qn)

are "-selfadjoint and satisfy the Heisenberg relation />(n)a(n) — q^p^ =

- il. It follows that there is a "-isomorphism i„ from 62 into 62(n) under which

p and q map top(n) and a(n).

Now let co be an arbitrary state of (62, *). The product state co ® • • • ® co

on (62„, *) is characterized by the property co ® • • • ® co(x, ® • • • ® xn) =

co(x,) • • • co(x„) where x„ . . . , x„ E 62, and the formula

co(n)(x) = co ® • • • ® co(t„(x))

defines a new state co(n) of (62, *). co(") is the canonical analogue of the integral

resulting from the rescaled n-fold convolution ju(n) of a probability measure ¡x

on R, defined by

/ f(t)ß.M(dt) = f f(n-x/2(tx + ■■■ + Q)p.(dtx) ■ ■ ■ u(oï„).

We recall [1] that the distribution determined by ¡i is said to be stable if, for

each n = 1,2,..., there exist real numbers c„ and d„ with c„ > 0 such that

j f(t)ß}"\dt) = j f(cnt + dn)ti(dt)

(this is not the usual definition, but is readily seen to be equivalent to it), that

stable distributions are of significance insofar as they are possible limit

distributions of sums of identically distributed random variables, and that

stable distributions for which the variance is finite are normal. Thus motivat-

ed, we shall say that a state co of (62, *) is stable if for each n = 1,2,... there

is a graded automorphism p„ of (62, *) such that uM(x) = u(p„(x)) for all

x E 62.

We denote by coM the state of (62, *) given by co^x) = <770(x)/o, /0>.

Before stating our final theorem we require

Lemma 32. Let u be an arbitrary state of (62, *). 77jen there exist a graded

automorphism pof(a, *) and a possibly infinite positive number ß such that for

all elements x G 62® of degree not exceeding 2, u(x) = uß(p(x)).

Proof. By replacing co by co', where co'(x) = u(px(x)) and px is the graded

automorphism of (62, *) which mapsp top — u(p)\ and q to q — u(q)\, we

may assume that u(p) = u(q) = 0. We consider the covariance matrix

u(p2) o>(\(pq + qp))

r(w) =       / 1 / x\ /   2\
u(2(pq + qp)) u(q2)

which is the matrix of the quadratic form
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R23(s,í)^to((s/> + ía)2).

r(co) is thus positive-definite, and by the Heisenberg uncertainty inequality we

have also det T(u) > \. It follows that there is a real unimodular 2x2

matrix A and a real number a2 > 1 such that

T(co) =\a2A'A.

Noting that for finite ß, T(uß) = j coth ßl, while IXco«,) = \ I, where 7 is the

2x2 identity matrix, it follows that we can write

r(co) = A 'Y(uß)A

for some ß, 0 < ß < oo. But then if p is the graded automorphism of (62, *)

for which the images/?' and q" of p and q are given by

we have co(x) = uß(p(x)) whenever x is p2, \(pq + qp) or a2, and hence,

since co(x) = uß(p(x)) for all x E 62(1), the lemma is proved.   □

Theorem 33. A state u of (62, *) is stable if and only if it is of the form

co(x) = Up(p(x)), where p is a graded automorphism o/(62, *) and ß is a possibly

infinite positive number.

Proof. We prove first that states of the form described are stable. Since it

is clear from the definition that if co is stable so is u', where co'(x) = co^x))

for some graded automorphism p, it suffices to show that co^ is stable for all ß,

0 < ß < oo. In fact we shall prove that uj$n) = co^ for n = 1, 2.

In the case of finite ß, using the fact that i„ is both a * and a b-

isomorphism (where the product involution b on 62„ satisfies (x, ® • • • ®

x„)b = x,b ® • • • ® xb for all x„ . . . , xn G 62), we have, for arbitrary x,y E

62, writing

*n(x) = 2 M ® ■ ■ ■ ® 4,   tn(y) = 2 y\

with x{, y,k G <£,

uf (y*x) = uß ® • • • ® Ußl 2 yf*x{ ® ■
\j,k

= 2 My?*!) ■ • • »ß(ynk*xi)

= 2 "ßixiytb) ■ • ■ Mxiynkb)
j,k

= co/3® • • • ®coJ2 *iy*b®

= upn)(xyb).

•>;

>y!*x,*)

®xiy,ynkb)
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It follows from Theorem 30 that co^n) = co^ as asserted.

In the case ß — oo we note that co^, is characterized by the fact that

uao(a + ra ~s) =   Sr0Ss0    and    that,    in    consequence,    writing
(j)

af = 1 ® • • • ® 1 ® a* ®1 ® • • • ® 1,

u£\a+ra-s)

= co«, ® • • • ®to00(n-(r+i>/2(a,+ + • • • + a;Y(ax- + ■■■ + an')s)

" Sr,08s,0>

as may be seen from the multinomial expansion of (ax + • • • + a„+)r and

(ax~ + ■ ■ ■ + a')5. Hence co£> - co^.

Conversely let to be a stable state of (62, 8). By Lemma 32 there exist ß,

0 < ß < oo, and a graded '-automorphism p of 62 such that u(x) = uß(p(x))

for all x £ 62®. Since if co is stable, so too is co', where co'(x) = co^-'(*))> we

may assume that in fact co coincides with co^ on 62®. We shall prove that

under this assumption co = uß.

Suppose first that ß = oo. Then co(a+a~) = uOB(a+a~) = 0. It follows

from Schwarz's inequality that u vanishes on the left ideal in 62 generated by

a~ and on the right ideal generated by a + . Hence u(a+ra~s) = 8ro8s0 =

ux(a+ra~s) for all r, s = 0, 1, 2 ... . Hence co = uM.

Now let ß be finite. For arbitrary x,y G 62®,

co(y*x) = co^(y'x) = uß(xyb) = to(xyb).

We shall prove that co(y*x) = u(xyb) for arbitrary x, y £ 62; from this it will

follow from Theorem 30 that co = co^. It is sufficient to consider the case

wheny = r and x is of form r1 • • • rN where each of r, r1, . . . , rN is either/?

or q. The proof is by induction on N, the case N = 1 being already

established.

Since co is stable, for n = 1, 2, . . . there is a graded automorphism pn of

(62, tt) such that co(n)(z) = u(p„(z)) for arbitrary z £ 62. Since u(n)(p) -

nx/2u(p) = 0 and u^"\q) = n~x/2u(q) = 0, the automorphism p„ acts on p

and q by

c;mí)
where A„ is a real unimodular 2x2 matrix, and the covariance matrices T(to)

and r(co(n)) of co and u(ri) are related by

r(co(">) = A¿T(u)A„. (9.9)

But it is easily verified from the definition of u^"\ using the vanishing of u(p)

and co(a), that r(to(,l)) and T(co) are in fact equal. Since l\co) = T(uß) and the

latter is a multiple of the identity, it follows from (9.9) that A„ is an

orthogonal matrix and hence, being proper, is a rotation matrix. Hence we
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can write

py" = cos 9„p + sin 9nq,   q"° = —sin 0„p + cos 9„q

for some real 9„, and also

p'"' = cos 9„p - sin 9nq,   ?*"' = sin 9„p + cos 9nq. (9.10)

Now consider

to(y*x) - co(xyb) = co(y*x - xyb) = u(n\p-x(yix - xyb))

= co(n)(y'*x' - x'y'b)

CO
where, for z E 62, z' = p~ xz. Writing rj = 1 ® • • • ® 1 ® r'  ® 1 ® • • • ®

® 1, and using the definition of1, r/>' = 1 ® • •

co(n) this becomes

1 ®  r  W' ® i <g>

w-(^+i)/2w(

1  CO jM'id^-îte^iM
Expressing the two products of sums as sums of products we observe that

corresponding products which involve more than one value of the suffix/

cancel by the inductive hypothesis. The terms remaining are

„-Uv+,)/2 2  a,® - • • ®(¿} (r? fi   rf' - fi   (rjk)')rA
7 = 1 \      ¿t=l k = \ I

N N

= i,-("-»/2w r'* II  r^w- II  r,(*Vb|
\       A:-l *=1

= n-(iV-1)/2co(i'-1(y»x-xyb)).

Now from (9.10) it is clear that u(p~x(y'ix — xyb)) is a polynomial in cos 9„

and sin Ö„ whose coefficients do not depend on n. Hence u(p~l(y*x - xyb))

remains bounded as n —» oo. Taking this limit we deduce that co(y*x) —

co(xyb) = 0 as required.   □
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